Toughness and the existence of k-factors. III  by Enomoto, Hikoe
DISCRETE 
MATHEMATICS 
Discrete Mathematics 189 (1998) 277-282 
Note 
Toughness and the existence of k-factors. III 
Hikoe Enomoto * 
Department of Mathematics, Keio University, 3-14-I Hiyoshi, Kohoku-ku, Yokohama 223, Japan 
Received 24 December 1996; revised 23 October 1997; accepted 16 February 1998 
Abstract 
In a paper with the same title (Enomoto et al., 1985) we proved Chv&al’s conjecture that k- 
tough graphs have k-factors if they satisfy trivial necessary conditions. In this paper, we introduce 
a variation of toughness, and prove a stronger result for the existence of l- or 2-factors. This 
solves a conjecture of Liu and Yu, affirmatively. @ 1998 Elsevier Science B.V. All rights 
reserved 
We consider finite undirected graphs without loops and multiple edges. We denote 
by V(G) and E(G) the set of vertices and the set of edges of a graph G, respectively. 
For subsets S and 2’ of V(G), ec(S, T) is the number of edges joining S and T, and 
et(S) is the number of edges joining the vertices in S. If et(S) = 0, S is called 
an independent subset of G. A vertex x is often identified with {x}. For example, 
e&, T) means eG({x}, r). Moreover, a subset S of V(G) is often identified with the 
subgraph induced by 5’. The subgraph induced by V(G) - S is denoted by G - S. The 
set of vertices adjacent to x in G is denoted by NG(X) and d&) := IN&)l is the 
degree of x in G. (A := B means that A is defined by B.) For a subset S of V(G), 
NG(S) := U,,sNc(x). We denote by w(G) the number of connected components of 
G. A k-regular spanning subgraph is called a k-factor. Other terminologies or notation 
not defined here will be found in [l] or [3]. 
The notion of toughness was introduced by Chv6tal [4]: 
t(G):=max{t 1 JS(>t.w(G - S) if w(G - S)>2} 
ISI 
w(G - S) 
1 w(G - S)32 
if G is not complete, and t(G) := m if G is complete. 
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In [5], we proved the following theorem, which was conjectured by Chvatal [4, 
Conjecture 3. I]. 
Theorem A (Enomoto et al. [5, Theorem 11). Suppose (V(G)1 >,k+ 1, k. (V(G)/ even, 
and t(G) 2 k. Then G has a k-factor. 
In [6], we proved the following stronger result. 
Theorem B (Enomoto [6, Theorem 21). Suppose ) V(G)/ 3k + 1, k. 1 V(G)1 even, and 
ISI 3k. w(G - S) - gk 
tf w(G - S) > 2. Then G has a k-factor. 
In this paper, we prove a stronger result than Theorem B when k = 1 or k = 2, 
using the following variation of toughness: 
r(G):=max{t I IS(>t.w(G-S)-t for all scV(G)) 
I w(G -S)>2 
if G is not complete, and r(G) := 00 if G is complete. 
First, we give several properties of z(G). 
Lemma 1. Suppose G is not complete. Then 
(a) r(G) > t(G) tf G is connected 
(b) z(G) < K(G), where n(G) is the connectivity of G. In particular, G is connected 
tf and only tf z(G) > 0. 
(c) Suppose z(G) = ISl/(w(G - S) - 1). Then for any connected component C of 
G - S, z(C) > z(G). 
(d) Let k be a positive integer, and suppose I V(G) I 2 k + 2. Then t(G) > k if and only 
zf z(G - S) 3k for any subset S of V(G) with (SI = k. 
Proof. (a) Obvious by the definition of t(G) and z(G). 
(b) There exists a subset S of V(G) such that ISI = z(G) and w(G - 922. Then 
(c) We may assume that C is not complete. Suppose z(C) = IRl/(w(C - R) - 1 ), 
and let T := S U R. Then, 
w(G-T)=w(G-S)- 1 +w(C-R) 
=_+JR(+1. PI 
T(G) 4C) 
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On the other hand, 
w(G-T)<-- . IT’ + 1 
r(G) 
Hence, 
_iRJ ITI PI IRI -e-z-. 
z(C)’ z(G) z(G) t(G) 
This implies r(C) 2 r(G). 
(d) Suppose t(G) 3k and let S be a subset of V(G) with ISI = k. Then for any 
subset R of V(G - S), 
This implies 
1RI >k(w((G -S) -R) - 1). 
Hence, r(G - S) >k. 
Conversely, suppose r(G - S) >k for any subset S of V(G) with ]SI = k. Let R 
be a subset of V(G) with w(G - R) 2 2. If (RI < k, there exists a subset S of V(G) 
such that ISI = k, R C S, and w(G - S) >2, since we have assumed 1 V(G)1 2 k + 2. 
This means that r(G - S) = 0, a contradiction. If [RI 2 k, take any subset S of R with 
IS] = k. Then 
IR - SI >k(w(G -R) - l), 
i.e., 
[RI 2k. w(G -R). 
Hence, t(G)>k. I.3 
We do not use Lemma l(c) in this paper, but it may be useful for inductive 
arguments. 
Theorem 2. Suppose z(G) > 1 and 1 V( G)I is even. Then G has a l-factor. 
Proof. Suppose G has no l-factor. Then by Tutte’s l-factor theorem [l, Theorem 1.41, 
there exists a subset S of V(G) satisfying q(G - S) > (SI, where q(G - S) is the 
number of odd components of G - S. Since 
q(G - S) - ISI z IV(G)1 z O(modZ), 
we have 
w(G - S)>,q(G - s)a IsI + 2. 
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This implies that 
z(G) < ISI <A<l, w(G-S)-1 IS]+1 
which contradicts the assumption. 0 
Example 1. Let G be a complete bipartite graph K,,,,,+z. Then IS] 2 w( G - S) - 2 for 
all subsets S of V(G). However, G has no l-factor. Theorem 2 is sharp in this sense. 
Theorem 3. Suppose z(G) 2 2 and 1 V(G)1 B 3. Then G has a 2-factor. 
Proof. Suppose G has no 2-factor. Then by Tutte’s f-factor theorem [ 1, Theorem 3.21, 
there exist disjoint subsets A and B of V(G) satisfying 
214 + ~Vc-a(x) - 2) - d4B) < 0, 
XEB 
where q(A,B) is the number of connected components C of G - (A U B) satisfying 
eo(C, B) = 1 (mod 2). Since q(A, B) E CxEB d+-A(x) (mod 2), 
(1) 21-41 +&&G-.4(X) - 2) -q(M)< - 2. 
We may assume that A is maximal and B is minimal subject to the maximality of A. 
Then 
(2) e(B) = 0 
by [5, Lemma 21, and 
(3) INo(v) n BI Q 1 for any y in V(G) - (A U B) 
by [6, LemmaB]. Let U:= V(G)-(AUB), r:=w(U), and {Ct,...,C,} be the set 
of connected components of U. We may assume that e(Ci, B) # 0 for 1 <i <s and 
e(Ci,B) = 0 for s+ l<i<r. Choose yi in Ci PING for 1 <i<s, and set 
~:=AU(NG(B)~U-{yl,...,y,}). 
By (2) and (3), vertices in B and Cs+t, . . . , C, belong to different components 
Hence, w(G - S) 2 IBI + r - s. By the definition of S and the assumption that 
IAl + eo(B, U) -s > ISI 
>2(w(G-S)- 1) 
22(]BI+r-s- 1). 
Since r aq(A, B), we have 
IAl + eG(B, U) 2 21BI + r - 2 
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by (1). This is possible only if A = 0. Then B # 0 by (1 ), and r = s, since G is 
connected. Furthermore, do(x) >2 for all x in B, since G is 2-connected. Then r 22 
by (1). Since G is connected and B is independent, we may choose yj satisfying 
BnN&)nN&j)#@ for some i and j with ldi <j<r. Let 
R :=iJNc(yi)nB and T:=NG(B-R)UR. 
i=l 
Then IRl<r - 1 and 
IRI + c &dx) 2 ITI 
XEE-R 
>2(w(G-T)-1) 
B 2(r + IBI - IRI - 1). 
= c d&) - 2lBJ +2lRI 
XEB-R 
3 2r - 2 - IRI 
>I---1. 
This contradicts (1). Cl 
Example 2. Suppose m is an odd integer, 
x = {Xl,...,&I}, y = {Yl?...,Yrn), z = {Zl,...Jm), 
V(G)=XuYuZ, 
NG(%) = (x - {Xi}>‘J {yi}(l GiQm), 
NG(Z~) = (Z - {.%}I U {Yi}(l <idm), 
NG(_Yi) = {Xi,Zi}(l Gibm). 
Then 
ISI 22. w(G - S) - 3 
for all subsets S of V(G). (Equality holds when S = (X - {Xi}) U {yi} U (Z - {zi}).) 
However, G has no 2-factor. Theorem 3 is sharp in this sense. 
Unfortunately, r(G) > k is not sufficient for the existence of a k-factor when k > 3 
(see Example of [6]). However, the following result is proved in [7]. 
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Theorem 4. Suppose z(G) > k, k . 1 V(G)1 even, and IV(G)jak2 - 1. Then G has a 
k-factor. 
A graph G is called (k,s)-factor-critical if G - S has a k-factor for any subset S of 
V(G) with ISI = S. The following result is an immediate corollary of Theorem 2 and 
Lemma l(d). (This is also an immediate corollary of [9, Exercise 3.1.10 1.) 
Theorem 5. Suppose t(G) Z 1 and ( V(G)1 is odd Then G is (1,1 )-factor-critical, 
The following result was conjectured by Liu and Yu [8]. (In [8], (k,s)-factor- 
critical graphs are called (k,s)-extendable. This result is also proved by Cai et al. [2] 
independently.) 
Theorem 6, Let k be an integer 22, and suppose t(G)>k and I?‘(G)1 >2k+ 1. Then 
G is (2,2k - 2)-factor-critical. 
Proof. Let S and R be any subsets of V(G) with IS] = 2k -2, R c S and (RI = 2k-4. 
Then t(G-R)at(G)- ilRla2. Hence by Lemma l(d), r(G-S)>2. By Theorem 3, 
G - 5’ has a 2-factor. II 
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